Yang-Baxter maps from the discrete KP hierarchy (Recent Trends in Integrable Systems) by 筧, 三郎 et al.
Title Yang-Baxter maps from the discrete KP hierarchy (RecentTrends in Integrable Systems)
Author(s)筧, 三郎; Willox, Ralph; Nimmo, Jonathan J.C




Type Departmental Bulletin Paper
Textversionpublisher
Kyoto University
Yang-Baxter maps from the discrete KP hierarchy
(Saburo Kakei)
Department of Mathematics, Rikkyo University
Ralph Willox
Graduate School of Mathematical Sciences, University of Tokyo
Jonathan J.C. Nimmo
Department of Mathematics, University of Glasgow
1
1.1
( )Ymg-Baxter $R$ , $V$ $V\otimes V$
Drinfeld , $X$ $X\cross X$ Yang-
Baxter [1] ,
$R$ : $X\cross X$ $arrow$ $X\cross X$
$(v$ $(v$ (1)
$(u, v)$ $\mapsto$ $(f(u, v), g(u, v))$
,
$R_{12}$ : $X\cross X\cross X$ $arrow$ $X\cross X\cross X$
$\iota v$ $\backslash v$ (2)




”, , ( $(Yang$-Baxter maP’ [2]
Yang-Baxter map , ,
[3, 4]
$\lim_{\epsilonarrow+0}\epsilon\log(e^{A/\epsilon}+e^{B/\epsilon})=\max\{A, B\}$ $(A, B\in \mathbb{R})$ (4)
, max-plus (tropical semi-field) Yang-Baxter map
, Yang-Baxter map ,
$R$ $R$ ,
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[4] , ,
[5, 6, 7]




. Yang-Baxter map , , ( )
$\bullet$ Yang-Baxter map ( )









$u_{n}^{t+1}= \frac{v_{n}^{t}}{1+\delta u_{n}^{t}v_{n}^{t}}$ , $v_{n+1}^{t}=u_{n}^{t}(1+\delta u_{n}^{t}v_{n}^{t})$ (6)
$(u_{n}^{t}, v_{n}^{t})\mapsto(u_{n}^{t+1}, v_{n+1}^{t})$ , $\kappa,$ $\mu$
$R(\kappa, \mu)$ :
$R( \kappa, \mu):(u, v)\mapsto(\frac{v(1+\mu uv)}{1+\kappa uv},$ $\frac{u(1+\kappa uv)}{1+\mu uv})$ . (7)
, $KdV$ (6)
$(T_{1}u, T_{\ell}v)=R(\delta, 0)(u, v)$ (8)
, (7) $R(\kappa,\cdot\mu)$ ( )Yang-Baxter
,
$R_{12}(\lambda_{1}, \lambda_{2})R_{13}(\lambda_{1}, \lambda_{3})R_{23}(\lambda_{2}, \lambda_{3})=R_{23}(\lambda_{2}, \lambda_{3})R_{13}(\lambda_{1,}.\lambda_{3})R_{12}(\lambda_{1}, \lambda_{2})$ (9)





$KdV$ (5) , naive ,
, (5)
$\frac{1}{u_{n+1}^{t+1}}+\delta u_{n+1}^{\ell}=\frac{1}{u_{n}^{t}}+\delta u_{n}^{t+1}$ (10)
,
$u_{n}^{t}=e^{U_{n}^{t}/\epsilon}$ , $\delta=e^{-\Delta/\epsilon}$ (11)
,
$\max\{-U_{n+1}^{t+1}, U_{n+1}^{t}-\triangle\}=\max\{-U_{n}^{t}, U_{n}^{t+1}-\Delta\}$ (12)
, $U_{n}^{\ell},$ $U_{n+1}^{t},$ $U_{n}^{t+1}$ , $U_{n+1}^{t+1}$
, (6) (6) $u_{n}^{t+1}v_{n+1}^{t}=u_{n}^{t}v_{n}^{t}$
,
$v_{n}^{t}=v_{n-k}^{t} \prod_{j=1}^{k}\frac{u_{narrow j}^{t}}{u_{n-j}^{t+1}}$ (13)
, $karrow\infty$
$\lim_{narrow-\infty}u_{n}^{t}=1$ , $n arrow\infty 1i\underline{n}1v_{n}^{t}=\frac{1}{1-\delta}$ . $\prod_{j=1}^{\infty}\frac{u_{n-j}^{t}}{u_{n-j}^{t+1}}\ll\infty$ (14)
$v_{n}^{t}= \frac{1}{1-\vec{\delta}}\prod_{j=1}^{\infty}\frac{u_{n-j}^{t}}{u_{n-j}^{t+1}}$ (15)
, (6) 1 ,
$u_{n}^{t+1}= \{\delta u_{n}^{t}+(1-\delta)\prod_{k=-\infty}^{n-1}\frac{u_{k}^{t+1}}{u_{k}^{t}}\}^{-1}$ (16)
(11) ,
$U_{n}^{t+1}= \min\{\triangle-U_{n}^{t},$ $\sum_{j=1}^{\infty}(U_{n-j}^{t}-U_{n-j}^{t+1})\}$ (17)
$\triangle=1$ , [10]
( $\infty$ )
( ) $KdV$ ,






$w_{n}^{t}$ , (6) $v_{n}^{t}$ , Yang-Baxter
map
2 KP
KP , [12, 13,
$14_{:}15,16.17,18]$ , [8]
$(M+1)$ $\mathbb{Z}^{M+1}$ , $(\ell, m)=(\ell,\cdot m_{1_{\dot{\prime}}}. . . , m_{l}n)$
$f$ : $\mathbb{Z}^{M+1}arrow \mathbb{C}$ , $T_{l},$ $T_{j}(j=1, \ldots, M)$ :
$T_{\ell}f(\ell, m)=f(\ell+1, m)$ , $T_{j}f(\ell,\cdot m)=f(\ell, \ldots, m_{j}+1, \ldots)$ . (19)
,
$W(\ell, m):=I+w_{1}(\ell, m)T_{\ell}^{-1}+w_{2}(\ell, m)T_{\ell}^{-2}+\cdots$ ,
(20)
$\overline{W}(\ell, m):=\overline{w}_{0}(\ell, m)+\overline{w}_{1}(p_{m)T_{\ell}+\overline{w}_{2}(l,m)T_{p}^{2}+}\ldots$ ,
, $W(\ell_{;}m),$ $\overline{W}(\ell, m)$ ,
:
$(T_{j}\overline{W})(1-\alpha_{j}+\alpha T_{\ell})=B_{j}\overline{W}$ $(\overline{W}=It^{\gamma} or \overline{W}, j=1, \ldots, M)$ ,
(21)
$B_{j}=\alpha_{j}T_{\ell}+(1-\alpha_{j})u_{j}$ , $u_{j}:=(T_{j}\overline{w}_{0})/\overline{w}_{0}$ .
, $\alpha_{j}(j=1, \ldots, M)$
, ( )Baker-Akhiezer $\Psi_{\lambda}(l, m),$ $\overline{\Psi}_{\lambda}(\ell, m)$
$\Psi_{\lambda}(\ell, m):=W(l, m)(1-\frac{\lambda}{a})\prod_{j=1}^{\ell M}(1-\frac{\lambda}{b_{j}})^{m_{j}}$ , (22)
$\overline{\Psi}_{\lambda}(\ell, m):=\overline{W}(\ell, m)(1-\frac{\lambda}{a})\prod_{j=1}^{\ell M}(1-\frac{\lambda}{b_{j}})^{m}j$ , (23)
, $\alpha_{j}=a/b_{j}(i=1, \ldots, M)$ , $\Psi_{\lambda}(\ell, m),$ $\overline{\Psi}_{\lambda}(\ell, m)$
:
$T_{j}\Phi(\ell, m)=\{\alpha_{j}T_{\ell}+(1-\alpha_{j})u_{j}\}\Phi(\ell, m)$ $(\Phi=\Psi or \overline{\Psi}, j=1, \ldots, M)$ . (24)
(24) , $j\dot,$ $k=1,$ $\ldots,$ $M$ , $u_{j}=$
$u_{j}(\ell, m)$ [16] :
$\{\begin{array}{l}u_{j}(T_{j}u_{k})=u_{k}(T_{k}u_{j}),\alpha_{j}(1-\alpha_{k})(T_{j}u_{k})+\alpha_{k}(1-\alpha_{j})(T_{\ell}u_{j})=\alpha_{k}(1-\alpha_{j})(T_{k}u_{j})+\alpha_{j}(1-\alpha_{k})(T_{\ell}u_{k})\end{array}$ (25)
{$\acute\ovalbox{\tt\small REJECT}$ , KP
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( ) (24) , $T_{\ell}$ 1
,
$\ell$ ” $\tau=\tau(\ell, m)$ , (20) $\overline{w}_{0}(\ell, m)$





, $(M+1)$ , $\ell,$ $m_{1},$ $\ldots,$ $m_{h1}$
3 $(1+1)$
$(1+1)$ ,
, $(M+1)$ $k$ , 1
$\tau$ , “ $(1, \ldots, 1)\vee$-reduction”
$k$
3.1 (1,1) $\Rightarrow$ $KdV$
(1, 1) , 2
Type I: $M=2$ $(\ell, m_{1}+1, m_{2}+1)$ $\Rightarrow$ $KdV$
Type II: $M=3$ $(\ell, m_{1}.m_{2}+1, m_{3}+1)$ $\Rightarrow$ $KdV$
, $\ell,$ $m_{1}$ TypeI Type II
,
,
3.1.1 Type $I:M=2$ (1,1)
$M=2$ ,
$\tau(\ell, m_{1}+1, m_{2}+1)=\tau(\ell, m_{1}, m_{2})$ ,
(29)
$\Psi(\ell, m_{1}+1, m_{2}+1)=\zeta\Psi(\ell, m_{1}, m_{2})$ $(\zeta\in \mathbb{C})$ .
166
$\Phi:=T_{2}\Psi$ , Lax :
$\{\begin{array}{l}T_{l}[Matrix]=[Matrix][Matrix],T_{1}[Matrix]=[Matrix][Matrix].\end{array}$ (30)
,
$T_{1}u= \frac{v}{1+\delta uv}$ , $T_{p}v= \frac{uv}{T_{1}u}$ $( \delta=\frac{\alpha_{1}(\alpha_{2}-1)}{\alpha_{2}(\alpha_{1}-1)})$ (31)
, (6) $KdV$
3.1.2 Type II: $M=3$ (1,1)
$M=3$ ,
$\tau(l, m_{1_{\dot{\prime}}}m_{2}+1_{j}m_{3}+1)=\tau(\ell, m_{1}, m_{2)}m_{3})$,
(32)
$\Psi(\ell, m_{1}, m_{2}+1, m_{3}+1)=\zeta\Psi(\ell, m_{1}, m_{2}, m_{3})$ $(\zeta\in \mathbb{C})$





, (7) $R(\kappa, \mu)$ , (34)
$(T_{1}u, T_{\ell}v)=R( \frac{\alpha_{3}(\alpha_{2}-1)}{\alpha_{2}(\alpha_{3}-1)},$ $\frac{\alpha_{3}(\alpha_{1}-\alpha_{3})(\alpha_{1}-\alpha_{2})}{\alpha_{2}\alpha_{1}^{2}(\alpha_{3}-1)^{2}})(u, v)$ (35)
,
, [20] , $R$
, [7] Proposition 4.1 $M=1$ ,
( ) Lax (33) $\alpha_{3}=\alpha_{1}$ ( $b_{3}=b_{1}$ ) , TyPe I Lax (30)
, Type I Type II
$(\alpha_{3}=\alpha_{1}$ ” , [20]
, , [7] $\kappa(\kappa$
) $\infty$
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3.2 (1,1,1) $\Rightarrow$ Boussinesq
(1, 1, 1) , 3
Type I; $M=2$ $(\ell+1_{i}m_{1}+1, m_{2}+1)$ $\Rightarrow$ Boussinesq
Type II: $M=3$ $(\ell, m_{1}+1.m_{2}+1, m_{3}+1)$ $\Rightarrow$ Boussinesq
Type III: $M=4$ $(\ell, m_{1}, m_{2}+1, m_{3}+1_{\dot{c}}m_{4}+1)$
( ) , , Type I, Type II ,
Type III ,
Type III
3.2.1 Type III: $M=4$ (1,1,1)
$M=4$ ,
$\tau(\ell,\cdot m_{1}, m_{2}+1, m_{3}+1, m_{4}+1)=\tau(\ell, m_{1}, m_{2}, m_{3}, m_{4})$,
(36)
$\Psi(\ell, m_{1}, m_{2}+1, m_{3}+1, m_{4}+1)=\zeta\Psi(\ell, m_{1}, m_{2}, m_{3}, m_{4})$ $(\zeta\in \mathbb{C})$
, $\Phi:=T_{2}\Psi,$ $\Theta:=T_{2}T_{3}\Psi$ , :
$\{\begin{array}{l}T_{\ell}[Matrix]=[Matrix][Matrix],T_{1}[Matrix]=[Matrix][Matrix].\end{array}$ (37)
(37) , $(u, v)\mapsto(T_{1}u, T_{\ell}v)$




, $\tilde{R}(a, b_{1})$ : $\mathbb{C}^{3}\cross \mathbb{C}^{3}arrow \mathbb{C}^{3}x\mathbb{C}^{3}$ ,
$((u_{1} , u_{2}, u_{3}), (v_{1;}v_{2}\dot, v_{3}))$ :
$\tilde{R}(a,\cdot b_{1}):\{\begin{array}{l}u_{j}\mapsto u_{j}\frac{(a-b_{j+2})u_{j+1}-(b_{1}-b_{j+2})v_{j+1}}{(a-b_{j+1})u_{j}-(b_{1}-b_{j+1})v_{j}},(j=1,2,3)v_{j}\mapsto v_{j}\frac{(a-b_{j+2})u_{j+1}-(b_{1}-b_{j+2})v_{j+1}}{(a-b_{j+1})u_{j}-(b_{1}-b_{j+1})v_{j}}.\end{array}$ (39)
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, $mod 3$ , , $R(a,$ $b)$ ,
$((u_{1}, u_{2}, u_{3}), (v_{1;}v_{2}, v_{3}))\in \mathbb{C}^{3}\cross \mathbb{C}^{3}$ :
$\{\begin{array}{l}u_{j}\mapsto u_{j}\frac{(a-b_{j+1})(a-b_{j+2})u_{j+1}u_{j+2}+(a-b_{j+2})(b-b_{j})u_{j+2}v_{j}+(b-b_{j})(b-b_{j+1})v_{j}v_{j+1}}{(a-b_{j+1})(a-b_{j})u_{j+2}u_{j}+(a-b_{j})(b-b_{j+1})u_{j}v_{j+1}+(b-b_{j+1})(b-b_{j+2})v_{j+1}v_{j+2}},v_{j}\mapsto v_{j}\frac{(a-b_{j+1})(a-b_{j})u_{j+2}u_{j}+(a-b_{j})(b-b_{j+1})u_{j}v_{j+1}+(b-b_{j+1})(b-b_{j+2})v_{j+1}v_{j+2}}{(a-b_{j+1})(a-b_{j+2})u_{j+1}u_{j+2}+(a-b_{j+2})(b-b_{j})u_{j+2}v_{j}+(b-b_{j})(b-b_{j+1})v_{j}v_{j+1}}.\end{array}$
$(i=1,2,3$ , $mod 3$ $)$ (41)
, Yang-Baxter map [21] ,
$u,$ $v$ $R(a, b)$ ,
Yang-Baxter (9)
, (39) $\tilde{R}(a, b)$ ,
$\tilde{R}_{12}(\lambda_{1}, \lambda_{2})\tilde{R}_{13}(\lambda_{1}, \lambda_{3})R_{23}(\lambda_{2}, \lambda_{3})=R_{23}(\lambda_{2}, \lambda_{3})\tilde{R}_{13}(\lambda_{1:}\lambda_{3})\tilde{R}_{12}(\lambda_{1}, \lambda_{2})$ (42)
, (39) $\tilde{R},$ (41)
$R$ 1 , (42) , 2
, $(u,v,\hat{w})$ $(\tilde{\hat{u}},v_{r}\simeq\tilde{w})$ 2
(9), (42) ,




Yang-Baxter , $\tilde{R}$ $R$
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2: CAC
3.2.2 Type II: $M=3$ (1,1,1)
$M=3$ ,
$\tau(\ell, m_{1}+1, m_{2}+1, m_{3}+1)=\tau(\ell, m_{1}, m_{2}, m_{3})$ ,
(43)
$\Psi(\ell, m_{1}+1, m_{2}+1.m_{3}+1)=\zeta\Psi(\ell, m_{1}, m_{2}, m_{3})$ $(\zeta\in \mathbb{C})$
, $\Phi:=T_{2}\Psi$ . $\Theta:=T_{2}T_{3}\Psi$ , :
$\{\begin{array}{l}\tau_{p}[Matrix]=[Matrix][Matrix],T_{1}[Matrix]=[Matrix][Matrix].\end{array}$ (44)
3.1.2 ( ) , Lax Type III Lax (33)
$\alpha_{4}=\alpha_{1}(b_{4}=b_{1})$ (38), (40)
$b_{4}=b_{1}$
3.2.3 Type $I:M=2$ (1,1,1)
$M=2$ ,
$\tau(\ell+1, m_{1}+1, m_{2}+1)=\tau(\ell, m_{1}, m_{2})$ ,
(45)
$\Psi(\ell+1, m_{1}+1, m_{2}+1)=\zeta\Psi(\ell, m_{1}, m_{2})$ $(\zeta\in \mathbb{C})$
Lax , (44) , $\alpha_{3}=1(b_{3}=a)$
, (38) $b_{4}=b_{1},$ $b_{3}=a$
, $(u, T_{\ell}v)\mapsto(T_{1}u, v)$ , Lax
, , $T_{\ell}v_{2}=u_{3}$




, KP , Yang-Baxter map
KP reduction
( $KdV$ ) , $R$ , Yang-Baxter
, Yang-Baxter
map “companion map) [2] , 323




, “dynamical Yang-Baxter map’
[23] ,
, [5, 6, 7] ,
$R$ , KP
( , KKR , ...) ,
,
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